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We stablish an existence result for the thermoviscoelastic degenerated contact
problem. The nonlinear stressstrain relation we will consider here is given by
L 2 M u dx u    u ,H x x x tž /0
1Ž . Ž . Ž .   pwhere M is a function satisfying M C 0, 	 C 0, , M s 
 C s . More-
Ž .over, we show that the solution decays uniformly to zero. That is, denoting by E t
the first-order energy associated to the equation, we show that there exist positive
constants C satisfying
Ž . p2 pE t  C E 0 1 tŽ . Ž . Ž .Ž .
where p is a positive number which depends on nonlinear terms of the system.
 2001 Elsevier Science
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1. INTRODUCTION
In this paper we consider the small longitudinal deformation along the x
axis of a one-dimensional inhomogeneous thermoviscoelastic body fixed at
1 Supported by Grant 30540688-4 from CNPq-BRASIL.
522
0022-247X01 $35.00
 2001 Elsevier Science
All rights reserved.
CONTACT IN THERMOVISCOELASTIC MATERIALS 523
x 0 and unilaterally constrained at x 1. We suppose that the expan-
sion and contraction are due to thermal effects and body forces. Problems
involving thermoelastic contact arise naturally in many situations, particu-
larly those involving industrial processes when two or more materials may
come in contact or may lose contact as a result of thermoelastic expansion
or contraction. Such thermoelastic phenomena can be divided into three
parts: static, quasi-static, and full dynamics.
The quasi-static and static contact problems with various boundary
 conditions have been widely studied by 1, 2, 3, 6, 9, 1214 , both numeri-
cally anti theoretically. Various kinds of existence, uniqueness, and stabil-
ity results are established. These papers contain a variety of linear and
nonlinear boundary conditions, but in each case the problem involves both
a single temperature and a single displacement, so that reformulation
leads to one nonlinear equation for a single temperature.
In contrast, the fully dynamic problem is different from that of the
quasi-static case, which can be viewed as being of mixed ellipticparabolic
type, while the dynamic case is of mixed hyperbolicparabolic type. This
latter case is more complicated, and we have only a few results concerning
the existence and uniqueness.
Mathematically, this problem is an example of a hyperbolicparabolic
variational inequality, where a constraint is imposed on the unknown
function u rather than on the time derivative of u. The stressstrain
relation we consider here is
L 2 M u dx u    u ,H x x x tž /0
where M is a function satisfying
1   p   M C 0, 	 C 0, , M s 
 C s , 1.1Ž . Ž .Ž . Ž .
while the heat flux as well as the internal energy are given by
qx
e  u .x
Therefore the motion and the energy equation are given by
L 2     u M u dx u     u  0 in 0, L  0, 1.2Ž .Ht t x x x x x x tž /0
       u  0 in 0, L  0, 1.3Ž .t x x x t
u 0, t   0, t   L, t  0 t 0 1.4Ž . Ž . Ž . Ž .
u x , 0  u x , u x , 0  u x ,  x , 0   x . 1.5Ž . Ž . Ž . Ž . Ž . Ž . Ž .0 t 1 0
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The contact conditions are given by
L 2 u L, t  g , M u dx u L, t   u L, t  0 1.6Ž . Ž . Ž . Ž .H x x x tž /0
L 2 M u dx u L, t   u L, t u L, t  g  0. 1.7Ž . Ž . Ž . Ž .Ž .H x x x t½ 5ž /0
Note that the hypotheses on M include the case 0 p . The case of
Ž Ž . .p 0 that is, M s 
 c 0 is simpler and implies the exponential decay
of the solution.
Let us mention some other papers related to the problems we address.
The wave equation with Signorini’s contact condition has been considered
 by Kim 7 . Using the penalty method, together with compensated com-
pactness, the author derives the variational inequality, which is equivalent
to the contact problem, and showed the existence of solutions. Recently,
 Shi and Shillor 11 proved the existence of a solution to the n-dimensional
quasi-static thermoelastic contact problem, provided the coefficient of
thermal expansion is sufficiently small. The one-dimensional quasi-static
problem of thermoelastic contact has been considered in a series of papers
     by Gilbert et al. 9 , Shi and Shillor 12, 13 , Shi et al. 14 , and Coppetti
 and Elliot 3 . The problem was formulated as a fully coupled variational
 inequality in 9 , and the existence of strong solutions was established.
   Numerical aspects of the problem were considered in 14 and in 3 . In
particular, Copetti and Elliot obtained error estimates by using the finite-
element method and proved the existence of periodic solutions. None of
the above papers provide information on the asymptotic behavior of the
solution. So, to fill this gap we study this point here.
The main result of this paper is to show that the weak solution of
Ž . Ž .problem 1.2  1.7 decays uniformly as time tends to infinity. The behav-
Ž .ior of M in a neighborhood of zero given by hypothesis 1.1 introduces
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several technical problems to show the uniform rate of decay. We over-
come such difficulties by using the approximated solutions given by the
Ž .so-called Penalty Method see Section 2 , multiplicative techniques, and
 Lemma 2.1 of 10 . Under these conditions we are able to show that the
first-order energy decays polynomially as time tends to infinity with rates
Ž .depending on p satisfying 1.1 . That is,
C E 0Ž .Ž .
E t  ,Ž . 12p1 tŽ .
for an appropriate positive constant C. Note that when p 0 the rate of
decay increases, producing in the limit case the exponential decay as was
discussed above. Concerning the regularity we show in Section 4, that the
Ž . Ž . Žproblem 1.2  1.7 produces a weak smoothing effect property see Theo-
. Ž . 2Ž .rem 4.1 , this theorem in particular implies that if u , u ,  H 0, L0 1 0
1Ž . 1Ž .H 0, L H 0, L then the solution satisfies
1   2u C  , T ; H  , L  	 0.Ž .Ž .
2. EXISTENCE OF SOLUTIONS
Let us denote by K the convex set given by
K  H 1 0, L ;  0  0,  L  g . 4Ž . Ž . Ž .
Let us define what we will understand for a weak solution associated with
Ž . Ž .the contact problem 1.2  1.3 .
Ž .DEFINITION 2.1. The couple u, 0 is a weak solution to problem
Ž . Ž .1.2  1.7 when
 L2 0, T ; H 1 0, 1 	 L 0, T ; L2 0, 1 ,Ž . Ž .Ž .Ž .0
uW 1,  0, T ; L2 0, 1 	 L 0, T ; K ,Ž . Ž .Ž .
satisfying the initial conditions
u x , 0  u x , u x , 0  u x ,  x , 0   x , 2.1Ž . Ž . Ž . Ž . Ž . Ž . Ž .0 t 1 0
u 0, t  0 and  0, t   L, t  0, t 0, 2.2Ž . Ž . Ž . Ž .
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and the relations
T L L 2  u   u M u dx u   uŽ . Ž .H H Ht t t x x x xž /0 0 0
    u   u   u dx dtŽ . Ž .x x x t x x
L L

 u x , T  x , T  u x , T dx u  




 w   w  u w dx dtH H t x x x t
0 0
1 1
  x w x , 0 dx u x w x , 0 dx , 2.4Ž . Ž . Ž . Ž . Ž .H H0 0
0 0
1ŽŽ . Ž .. 1Ž 1Ž .. Ž .for any  H 0, 1  0, T and wH 0, T ; H 0, 1 such that  
, t0
Ž . K , for all t and w 
, T  0.
It is not difficult to show that when the solution is regular, system
Ž . Ž . Ž . Ž .1.2  1.7 is equivalent to the system 2.1  2.4 . To show the existence
result we will use the penalty method. That is, we will solve first the
problem
L 2        u M u dx u     u  0 in 0, L  0, 2.5Ž .Ht t  x x x x x tž /0
           u  0 in 0, L  0, 2.6Ž .t x x x t
u 0, t    0, t    L, t  0, t 0, 2.7Ž . Ž . Ž . Ž .
u x , 0  u x , u x , 0  u x ,   x , 0    x , 2.8Ž . Ž . Ž . Ž . Ž . Ž . Ž .0 t 1 0
1L 2    M u dx u L, t   u L, t  u L, t  g , 2.9Ž . Ž . Ž . Ž .H x x x tž / 0
Ž . Ž .where M s M s  . Using the Galerkin method, it is easy to show
the existence of strong solutions to the problem. We summarize the
existence result in the following theorem.
THEOREM 2.1. Let us suppose that M is a function satisfying condition
Ž .1.1 . Then for any initial data
u , u ,  H 1 0, L 	H 2 0, L H 1 0, L H 1 0, LŽ . Ž . Ž . Ž . Ž .0 1 0 0 0 0
	H 2 0, LŽ .
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Ž . Ž .and any  0, there exists only one solution to the Eqs. 2.5  2.9 satisfying
u C 0,; H 1 0, L 	H 2 0, L 	 C 0,; H 1 0, LŽ . Ž . Ž .Ž . Ž .0 0
	 L2 0,; L2 0, L .Ž .Ž
Proof. We will use the Galerkin method. Let us denote by w , . . . , w a1 m
1Ž . 1Ž .basis for H 0, L 	 K and for  , . . . ,  a basis for H 0, L . Let us1 m 0
define the sequences
m m
m mu x , t  g t w x ;  x , t  h t  x .Ž . Ž . Ž . Ž . Ž . Ž .Ý Ýi , m i i , m i
i1 i1
We have to find the coefficients g and h satisfying the systemi, m i, m
L L 2m m m m m u w  M u dx u     u w dxH Ht t i  x x x t i , x½ 5ž /0 0
1 m u L, t  g w L 2.10Ž . Ž . Ž .i
L m m m     u  dx 0. 2.11 4 Ž .H t i x t i , x
0
Ž . Multiplying Eq. 2.10 by g and taking summation on i, we havei, m
1 d L L L L2 2 2m m m m mˆ     u dx 2 M u dx    u dx  u dxH H H Ht x x t x t½ 5ž /2 dt 0 0 0 0
1 m m u L, t  g u L, t ,Ž . Ž .t  
1 d 2m Ž . u l , t  g 4
2 dt
ˆ s Ž .where M  H M  d , from which it follows that 0 
d 1 1 2L L2 2m m mˆ   u dx u l , t  g M u dxŽ .H Ht x½ 5ž /dt 2 20 0
L L 2m m m   u dx  u dx .H Hx t x t
0 0
Ž .Multiplying Eq. 2.11 by h and summing up over i, we havei, m
d L L L2 2m m m m    dx    dx  u  dx 0.H H Hx t x½ 5dt 0 0 0
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Summing the two above inequalities, we have
d L L2 2m m m   E t  u dx   dx ,Ž . H Hx t xdt 0 0
where
1 1L L L2 2 2m m m mˆ     E t  u dx  dxM u dxŽ . H H Ht  xž /2 20 0 0
1 2m u L, t  g .Ž .
2
So, we have
L L2 2m m m m   E t   u dx   dx E 0 ,Ž . Ž .H Hx t x
0 0
from which we conclude that
  1 weakly star in L 0, T ; H 0, LŽ .Ž .
1,  2m   weakly star in W 0, T ; L 0, Lu  u Ž .Ž .
1, 2 1  weakly in W 0, T ; H 0, LŽ .Ž .
   1weakly star in L 0, T ; H 0, LŽ .Ž .0m  
1, 2 2½  weakly in W 0, T ; L 0, L .Ž .Ž .
Ž . Ž L  m  2 .We also conclude that the function m t M H u dx is uniformly 0 x
2Ž .bounded with a derivative in L 0, T . To get the second-order estimates
of um and  m we will consider the functions
U m  um  u  tu , m   m   .0 1 0
It is not difficult to see that U m and m satisfy similar equations like um
and  m. That is,
L L 2m m m m m U w  M U  u  u dx U    U w dxH Ht t i  x 0 1 x x t i , x½ 5ž /0 0
1 Lm u L, t  g w L  Fw dx ,Ž . Ž . Hi i , x 0
L Lm m m w    U w dx G dx , 4H Ht i x t i , x i , x
0 0
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where
Fm t um  tum   m   um , G m  um .Ž . 0 1 0 1, x 0, x 1
Note that to get second-order estimates of um and  m it is enough to
estimate U m and m. Here
m m m
m m mu  a w , u  b w ,   c w .Ý Ý Ý0 i i 1 i i 0 i i
i1 i1 i1
In these conditions we have that
m m
m m 4  4U  g  a  tb w ,   h  c  .Ý Ýi , m i i i i , m i i     i1 i1
 G  Hi , m i , m
Differentiating the above equations, we have
L L 2m m m m m U w  M U  u  u dx U    U w dxH Ht t t i  x 0 1 x t t x t t i , x½ 5ž /0 0
1 Lm u L, t  g w L  F w dxŽ . Ž . Hi t i , xt 0
L Lm m m U U m t dx U w dx , 2.12Ž . Ž .H Hx t x x i , x
0 0
L Lm m m     U  dx Gt dx . 2.13 4 Ž .H Ht t i x t t t i , x i , x
0 0
Ž .  Ž . Multiplying Eq. 2.12 by G and 2.13 by H and taking summation,i, m i, m
we have
d 1 L L L2 2 2m m m     U dxM t U dx  dxŽ .H H Ht t  x t t½ 5dt 2 0 0 0  
Ž . E t2
L L 2 m m m  M t U U dx U dxŽ .H H x t x x t
0 0  
 r1
L L L2 2 m m m m   M t U U dx   U dx   dxŽ .H H H x x t t x t t x t
0 0 0  
 r2
1 m m u L, t  g U L, t .Ž . Ž .t tt  
 r3
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Note that
L L 2m m m   r  C U U dx U dx ,H H1 x t x x t
0 0
L L2 2m m     r  C U dx U dx ,H H2 x t x t t30 0
L L2 2m m     r  C U dx U dx .H H3 x t x t t30 0
From the above inequalities we conclude that
d L L L2 2m m m m m   E t  c U U dx  1 U dx U dxŽ . H H H2 x t x x t x t t½ 5dt 20 0 0
L 2m    dx .H x t
0
From Gronwall’s inequality we have that
U m , U m ,  are bounded in L 0, T ; L2 0, LŽ .Ž .t t x t t
U m ,  are bounded in L2 0, T ; L2 0, L .Ž .Ž .x t t x t
So, from the above relations and using Arsela’s Ascoli theorem, it follows
that there exists a continuous function  for which we have
L 2m   u dx  uniformly in 0, T .H x
0
Letting m , we arrive at
1L 
u w  t u    u w dx u L, t  g w L, t 4Ž . Ž . Ž .Ž .H t t x x t x 0
L  4      u  dx 0.H t x t x
0
Taking w u and integrating from 0 to T , we arrive at
t L T L T L2 M  t u dx u u dx   u dx dtŽ .Ž .H H H H H Hx t t x
0 0 0 0 0 0
T L T L2 2     u dx dt  u dx dtH H H Hx 0
0 0 0 0
1 T  u L, t  g u L, t dt .Ž . Ž .H
 0
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Moreover, we also have that
t L L 2 2m m   M u dx u dxH H H x xž /0 0 0
T L T Lm m m m u u dx   u dx dtH H H Ht t x
0 0 0 0
T L T L2 2m m     u dx dt  u dx dtH H H Hx 0
0 0 0 0
1 T m m u L, t  g u L, t dt .Ž . Ž .H
 0
Taking lim sup in the above inequality, because of the strongm
convergence we have that
1t L L t L2 2 2m m     lim sup M u dx u dx M  t u dx .Ž .Ž .H H H H H x x  xž / 0 0 0 0 0m
2L m m It follows that the sequence M H u dx u converges strongly in' Ž . 0 x x
L2. Hence we have that um converges strongly to u in L2. Therefore u isx x
a solution to the penalized system.
To show the H 2 regularity note that u satisfies
L 2 u M u dx u     u  0Ht t  x x x x x x tž /0
in the distributional sense. Let us multiply the above equation by
eŽ1 .H
t
0 MŽ . d. We have that
 d u  t tt t xŽ1 .H M Ž . d Ž1 .H M Ž . d0  0 u e  e , 4x xdt 
from which it follows that
d tŽ1 .H M Ž . d 20 u e  L . 4x xdt
Integrating from 0 to T , since the initial data belong to H 2, we have that
u  L2 0, T ; L2 0, L .Ž .Ž .x x
The proof is now complete.
Using Theorem 2.1, we will demonstrate the existence of a solution to
Ž . Ž .problem 1.2  1.7 . This will be summarized in the following theorem.
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THEOREM 2.2. Let us take initial data,
u , u ,   KH 1 0, L  L2 0, L ,Ž . Ž . Ž .0 1 0 0
and assume that M is a monotone increasing function satisfying condition
Ž . Ž . Ž .1.1 . Then there exists a weak solution to problem 1.2  1.7 .
   4Proof. We first assume that there are approximated solutions u , 
Ž .  Ž . as in Theorem 2.1. Multiplying Eq. 2.5 by u and Eq. 2.6 by  , we get,t
after summing, the products
1L L t L22 2 2    ˆ     u dxM u dx  u L, t  g  u dx dtŽ .H H H Ht  x x tž / 0 0 0 0
L t L2 2      dx  dx dt E 0 . 2.14Ž . Ž .H H H x
0 0 0
Ž . Ž .Furthermore, multiplying Eq. 2.6 by  and using 2.14 , we gett
T L L L 22 2      dx dt  sup  dx C E 0   0 dx .Ž . Ž .H H H Ht x x½ 5
0 0 0 00tT
From the above estimate we have that there exists a function u and a
subsequence of u, which we still denote in the same way, such that
  1 weakly star in L 0, T ; H 0, LŽ .Ž .
1,  2 weakly star in W 0, T ; L 0, LŽ .Ž . u  u 2.15Ž .
1, 2 1 weakly in W 0, T ; H 0, LŽ .Ž .  uniformly in C 0, T ; C 0, LŽ .Ž .
   1weakly star in L 0, T ; H 0, LŽ .Ž .0   2.16Ž .1, 2 2½  weakly in W 0, T ; L 0, L .Ž .Ž .
 2Ž  2Ž ..Note that  converges to  strongly in L 0, T ; L 0, L . Moreover, we
have
L 2   2   M u dx u   weakly star in L 0, T ; L 0, L . 2.17Ž . Ž .Ž .H ž /0
CONTACT IN THERMOVISCOELASTIC MATERIALS 533
Ž . Ž . Ž . Ž .Now, multiplying Eq. 2.5 by  t  u t with  t  K for any t and
   performing an integration over 0, L  0, T , we get
T L L
  u   u dx dt u T  T  u T dxŽ . Ž . Ž . Ž .Ž .H H Ht t t t
0 0 0
L T L L 2    u 0  0  u 0 dx M u u   u dx dtŽ . Ž . Ž . Ž .Ž .H H H Ht x x x xž /0 0 0 0
1 T  u L, t  g  L, t  u L, t dtŽ . Ž . Ž .H
 0
T L T L
      u dx dt  u   u dx dt 0.Ž . Ž .H H H Hx x x t x x
0 0 0 0
  Ž .   Ž . Since lim u L, t  g  u L, t  g we see that 0
1 T lim sup u L, t  g  L, t  u L, t dt 0,Ž . Ž . Ž .H
 00
Ž . Ž .and from the above convergences, 2.15 , 2.16 , we have
T L L
 u   u dx dt u T  T  u T dxŽ . Ž . Ž . Ž .Ž .H H Ht t t t
0 0 0
L T L
 u  0  u dx  u   u dx dtŽ . Ž .Ž .H H H1 0 x x x
0 0 0
T L T L
     u dx dt  u   u dx dt
 0. 2.18Ž . Ž . Ž .H H H Hx x x t x x
0 0 0 0
Ž .It is easy to see that  satisfies Eq. 2.4 . Our next step is to show that
Ž L   2 .M H u dx u . To do this we will use the monotonicity of M, that0 x x
is,
L L2 2     M u dx u M  dx  , u  
 0, 2.19Ž .H H x x  x x x x¦ ;ž / ž /0 0
² : T L 4where ,  H H dx dt, from which it follows that0 0
L 2   lim inf M u dx u , uH x x x¦ ;ž /0 0
L 2  ² :
 M  dx  , u    ,  . 2.20Ž .H x x x x x¦ ;ž /0
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Ž .Using Eq. 2.5 , we have that
L 2   M u dx u , uH x x x¦ ;ž /0
L T L 2      ² : u x , T u x , T dx u dx dt   , uŽ . Ž .H H Ht t x
0 0 0
 L L L2 2  u x , T dx u 0 dx u u dxŽ . Ž .H H Hx x 1 02 20 0 0
1 T   u L, t  g u L, t dt ,Ž . Ž .H
 0
and hence we have
L 2   lim sup M u dx u , uH x x x¦ ;ž /00
L T L 2   ² : u x , T u x , T dx u dx dt   , uŽ . Ž .H H Ht t x
0 0 0
 L L L22  u x , T dx u 0 dx u u dxŽ . Ž .H H Hx x 1 02 20 0 0
1 T   lim sup u L, t  g u L, t dt ,Ž . Ž .H
 00
 Ž . Ž . 2Ž .where we have used that u x, T  u x, T weakly in L 0, L . Quitex x
Ž . Ž .similarly, multiplying Eq. 2.5 by u, we can show as in 2.18 that
L T L 2 ² :   ² : , u  u x , T u x , T dx u dx dt   , uŽ . Ž .H H Hx t t x
0 0 0
 L L L2 2 u x , T dx u 0 dx u u dxŽ . Ž .H H Hx x 1 02 20 0 0
1 T  lim sup u L, t  g u L, t dt .Ž . Ž .H
 00
Note that the last limit exists because the other terms in the above identity
 Ž . Ž .exist. Since u L, t converges to u L, t uniformly in t, we see that
1 T  lim sup u L, t  g u L, t dtŽ . Ž .H
 00
1 T  lim u L, t  g u L, t dt ,Ž . Ž .H
0 0
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and, hence,
L 2    ² :lim sup M u dx u , u   , u .H x x x x¦ ;ž /00
From the above relations we have that
L 2² :   ² : , u 
 M u dx u , u    ,  ,Hx x x x x x¦ ;ž /0
which implies
L 2 M u dx u , u  
 0H x x x x¦ ;ž /0
Ž .for any  . From the above argument we also conclude that u L, t  g,
1Ž .0 t T. Thus, taking   u  with  C 0, L , we can prove,0
using Minty’s trick, that
L 2 M u dx u for any 0 t T .H x xž /0
Ž . 1 1Finally, for initial data u , u ,  in KH H we construct the0 1 0 0 0
 m ,  m ,  4approximate solution u ,  by the Galerkin method as in the proof
of Theorem 2.1. Applying arguments similar to those above, we can prove
 m ,  m ,  4    4that u ,  converges to a weak solution u ,  of problem
Ž . Ž .    42.5  2.6 . For this u ,  we can apply the above argument, from which
the existence result follows.
3. UNIFORM DECAY
Ž . Ž .In this section we will show that the solution of system 1.2  1.7 decays
polynomially as time goes to infinity. The exponential decay here is not
Ž . Ž .expected because of hypothesis 1.1 . When M s 
 a  0 the situation is0
simpler, and it is easy to show the exponential decay.
Let us introduce the energy functional
1 1 2L L 2 2 2ˆ     E t  u   dxM u dx  u L, t  g .Ž . Ž .H Ht xž /2 0 0
With these notations we have
THEOREM 3.1. Let us suppose that the initial data satisfy
u , u H 1 0, L  L2 0, LŽ . Ž . Ž .0 1 0
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and that M is a function such that
  pM s 
  s , for p 0.Ž . 0
Ž . Ž .Then the solution of system 2.5  2.14 decays uniformly as time goes to
infinity; that is,
12pE t  c E 0 1 t .Ž . Ž . Ž .Ž .
Proof. For simplicity we remove the superindex  in the following.
Ž .Multiplying Eq. 2.5 by u , we gett
d 1 L L L L2 2 2ˆ     u dxM u dx   u dx   u dxH H H Ht x x t x t½ 5ž /dt 2 0 0 0 0
1  u L, t  g u L, t .Ž . Ž .L
Ž .Multiplying Eq. 2.6 by  , we get
1 d L L L2 2    dx  k  dx   u dx .H H Hx x t½ 52 dt 0 0 0
Summing up the above two equations, we get
d L 2 2   E t   u    dx . 3.1Ž . Ž .H x t xdt 0
Ž .Furthermore, multiplying Eq. 2.6 by  , we gett
 d L L L2 2    dx  dx  u  dx 0,H H Hx t x t t2 dt 0 0 0
from which it follows that
 d 1  2L L L2 2 2      dx  dx u dx . 3.2Ž .H H Hx t x t2 dt 2 20 0 0
Ž . Ž .From 3.1  3.2 we get
d  L L2 2   E t   dx   dxŽ . H Hx t2 2½ 5dt 2 20 0  
Ž . E t
L 2 2    u    dx 0, 3.3Ž .H x t x20
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from which it follows that
t1 L 2 2 2       u   dx dt C E t  E t 1 D t . 3.4 4Ž . Ž . Ž . Ž .H H t x t x
t 0
1 3Ž .    From 3.4 there exists t  t, t , t  t , t 1 such that1 24 4
L 2 2 2 2
 x , t  u x , t   x , t dx 2 t , 3.5Ž . Ž . Ž . Ž . Ž .H t i x t i x i
0
Ž .for i 1, 2. Multiplying Eq. 2.5 by u and integrating, we have
t L L2 2 2   M u dx u dxH H Hx xž /t 0 01
t L2 2 xL   M u dx u x , t   u x , t u x , t dtŽ . Ž . Ž .H H x0x x x tž /t 01
L t L2t t 22   u x , t u x , t dx  u dx dtŽ . Ž .H t t H Ht t1
0 t 01
t L t L2 2   u dx dt  u u dx dt .H H H Hx x t x
t 0 t 01 1
Ž . Ž .From 3.5 and 3.4 we get
1 2t L L 2 2 2   M u dx u dx u L, t  g dtŽ .H H Hx x½ 5ž / t 0 01
L L2 2    CD t sup u dxD t  sup u dx ,Ž . Ž .H H x½ 5
0 0tst1 tst1
3.6Ž .
where we have used the Poincare inequality. Since´
Ž .p2 2
L L2 2ˆ    M u dx 
  u dx ,H Hx 1 x½ 5ž /0 0
Ž .from 3.6 we get
1 2t L L 2 2 2   M u dx u dx u L, t  g dtŽ .H H Hx x½ 5ž / t 0 01
Ž .2 1 p2 C D t D t E t .Ž . Ž . Ž . 4
NAKAO AND MUNOZ RIVERA˜538
L 2 L 2 ˆ L 2Ž   .   Ž   .Note that M H u dx H u and M H u dx are mutually equiva-0 x 0 x 0 x
Ž . Ž .lent. Then it follows from 3.4 and 3.6 that
Ž .1 p2t2 2E t dt C D t D t E t 3.7Ž . Ž . Ž . Ž . Ž . 4H
t1
and
Ž .1 p22E t  C D t D t E t ,Ž . Ž . Ž . Ž . 4
which is equivalent to
Ž . Ž .2 p2  p1E t  C D t D tŽ . Ž . Ž . 4
or
Ž . Ž . Ž . 21p p2 4 p1  p2E t  C D t D tŽ . Ž . Ž . 4
2 CE 0 D t  C E 0 E t  E t 1 , 4Ž . Ž . Ž . Ž . Ž . Ž .
which implies
Ž . p2 pE t  CE 0 1 t ,Ž . Ž . Ž .
from which our conclusion follows.
4. INTERIOR REGULARITY AND SMOOTHING EFFECT
In this section we will show that the solution of the thermoviscoelastic
contact problem has a weak smoothing effect on the initial data. To do this
we will assume that M is a nonnegative function and u is such that0
L 2 M u dx  0.H 0, xž /0
Ž L  Ž .  2 .The above hypothesis implies that M H u x, t dx  0 in a neighbor-0 x
hood of t 0. As we saw in Section 1, the weak solution of the system
Ž . Ž .1.2  1.7 has the following regularity:
u , u ,  L 0, T ; L2 0, L .Ž .Ž .t x
Note that the penalty method does not allow us to obtain more regular
solutions even when u , u ,  are C-functions. In this section we will0 1 0
show an interior regularity result for the solution. That is, we suppose that
the initial data satisfy
u H 2 0, L , u H 1 0, L ,  H 1 0, L .Ž . Ž . Ž .0 1 0
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Then the weak solution has also the same regularity in the interior of
 0, L . Moreover, we have the smoothing effect property
   2  u , u ,   L  , T ; L  , L Ž .Ž .t t x x x x
for any  0. The proof of this result will be based on the following
lemmas.
Ž . 1 Ž .LEMMA 4.1. Let us suppose that tm t is a C function, with m t  0.
Let us take initial data
V H s  , V H s1  ,  H s1  .Ž . Ž . Ž .0 1 0
In these conditions we hae that the solution of
 V m t V    V  0, in  0, T 4.1Ž . Ž .t t x x x x x t
     V  0, in  0, T 4.2Ž .t x x x t
V x , 0  V , V x , 0  V ,  x , 0 Ž . Ž . Ž .0 t 1 0
satisfies
V L 0, T ; H s  , V  L 0, T ; H s1  	 L2 0, T ; H s ,Ž . Ž . Ž .Ž . Ž .t
 L 0, T ; H s1  	 L2 0, T ; H s  .Ž . Ž .Ž .Ž .
Moreoer, we hae the smoothing effect property
V , V , V L 0, T ; H s  ,  ,  L 0, T ; H s  .Ž . Ž .Ž . Ž .t t t t
LEMMA 4.2. Let us denote by W and  the solution of the system
 W m t W    W  F , in  0, T 4.3Ž . Ž .t t x x x x x t
     W G , in  0, T 4.4Ž .t x x x t
W x , 0 W x , 0  x , 0  0,Ž . Ž . Ž .t
2Ž mŽ .. Ž .with F, G L 0, T ; H  . Then the solution W, satisfies
W L 0, T ; H m2  ,Ž .Ž .
W  L 0, T ; H m1  	 L2 0, T ; H m2  ,Ž . Ž .Ž . Ž .t
 L 0, T ; H m1  	 L2 0, T ; H m2  .Ž . Ž .Ž . Ž .
In these conditions we hae the main result of this section
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THEOREM 4.1. Let us suppose that the initial data of the problem
Ž . Ž .1.2  1.3 are such that
u H 2 0, L , u H 1 0, L ,  H 1 0, L .Ž . Ž . Ž .0 1 0
Ž . Ž .Then the solution of system 1.2  1.7 satisfies
u L 0, T ; H 2  , L  , u  L 0, T ; H 1  , L  ,Ž . Ž .Ž . Ž .t
 L 0, T ; H 1  , L  .Ž .Ž .
Moreoer, we hae that the solution satisfies the following smoothing effect
property:
u , u ,  ,  L  , T ; H 2  , L  andŽ .Ž .t t
u  L  , T ; H 1  , L  .Ž .Ž .t t
Proof of the Theorem. Let us define the function
U u ,   ,
where  C. So we have that U and  satisfy
 U m t U   U  R u , u ,  , in  0, T 4.5Ž . Ž . Ž .t t x x x x t x x t
     U Q u ,  , in  0, T 4.6Ž . Ž .t x x x t t
U x , 0  u , U x , 0  u ,  x , 0   ,Ž . Ž . Ž .0 t 1 0
where
R u , u ,  2m t u  m t u    2 u   u Ž . Ž . Ž .x x t x x x x x x t t x x
Q u ,  2     u  .Ž .t x x x x x t x
Let us divide the solutions into two parts,
U VW ,  ,
where V and W satisfy
 V m t V    V  0, in  0, T 4.7Ž . Ž .t t x x x x x t
     V  0, in  0, T 4.8Ž .t x x x t
V x , 0  u , V x , 0  u ,  x , 0   ,Ž . Ž . Ž .0 t 1 0
 W m t W    W  R , in  0, T 4.9Ž . Ž .t t x x x x x t
     W Q, in  0, T 4.10Ž .t x x x t
W x , 0 W x , 0  x , 0  0,Ž . Ž . Ž .t
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respectively. Using Lemma 4.1, we have that
V L 0, T ; H 2 0, L ,Ž .Ž .
V  L 0, T ; H 1 0, L 	 L2 0, T ; H 2 0, L ,Ž . Ž .Ž . Ž .t
 L 0, T ; H 1 0, L 	 L2 0, T ; H 2 0, L .Ž . Ž .Ž . Ž .
In addition, from Lemma 4.2 we have that
W L 0, T ; H 2  , W  L 0, T ; H 1  	 L2 0, T ; H 2  ,Ž . Ž . Ž .Ž . Ž . Ž .t
 L 0, T ; H 1  	 L2 0, T ; H 2  .Ž . Ž .Ž . Ž .
Since
u VW ,  ,
we get that u satisfies the required regularity. To prove the smoothness
effect property note that
Q, R L2 0, T ; H 1  .Ž .Ž .
Using Lemma 4.2, we get
W L 0, T ; H 3  , W  L 0, T ; H 2  	 L2 0, T ; H 3  ,Ž . Ž . Ž .Ž . Ž . Ž .t
 L 0, T ; H 2  	 L2 0, T ; H 3  .Ž . Ž .Ž . Ž .
Using Lemma 4.1, we have that
V , V , V L 0, T ; H 2 0, L ,  ,  L 0, T ; H 2 0, LŽ . Ž .Ž . Ž .t t t t
for any  C, from which it follows that
u , u ,  ,  L  , T ; H 2  , L  andŽ .Ž .t t
u  L  , T ; H 1  , L  ,Ž .Ž .t t
which completes the proof.
Proof of Lemma 4.1. Without loss of generality we can suppose that
Ž . Ž .  . Let us take the Fourier transform system 4.7  4.8 to get
ˆ 2 ˆ ˆ 2 ˆ     V m t  V i   V  0, in  0, T 4.11Ž . Ž .t t t
ˆ 2 ˆ ˆ       iV  0, in  0, T . 4.12Ž .t t
Let us define the density energy function E as
1 2 2 2 2ˆ ˆ ˆ       E t  V m t  V   .Ž . Ž .½ 5t2
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ˆ ˆŽ . Ž .Multiplying Eq. 4.11 by V and Eq. 4.12 by , summing up the productt
result, and taking the real part, we have
d 2 2 2 2 2 2ˆ ˆ ˆ           E t        m t  V .Ž . Ž .
dt
Integrating the above identity, we have
t t2 2 2 2 2 2ˆ ˆ ˆ           E t         dt E 0  m   V d .Ž . Ž . Ž .H H
0 0
Using Gronwalls’ inequality, we arrive at
t t2 2 2 2 H m Ž .  d0ˆ ˆ       E t         dt E 0 e ,Ž . Ž .H
0
from which the regularity result holds. To prove the smoothing effect, let
ˆŽ .us multiply Eq. 4.11 by V once more. Taking the real part, we havet
d 1 2 2 2 2ˆ ˆˆ ˆ ˆ ˆ       V m t  Re VV   Re iV    V .Ž . ½ 5 ½ 5t t t½ 5dt 2
4.13Ž .
ˆŽ .Similarly, multiplying Eq. 4.11 by V and taking the real part, we have
d 2 2 2ˆ ˆ ˆ ˆ ˆ ˆ     Re V V  V m t  V   Re iVŽ .  4½ 5t tdt
2 2 2ˆ ˆˆ        V    Re VV . 4.14Ž .½ 5t
Ž .Denoting by H t the functional
21 ˆ ˆ ˆ H t  V N Re V VŽ . t t2
and using the inequality
22 2 2 2 2ˆ ˆ ˆ ˆ             m t  V V  cm t  V   V ,Ž . Ž .t t4
we have that
d 3 N2 2 2 2 2ˆ ˆ ˆ ˆ         H t    V N Re  V V  m t  V  r ,Ž . Ž .½ 5t t 1dt 4 2
where
2ˆ ˆ ˆ ˆ             r N V N   V     V ,1 t t
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from which it follows that
d 1 N2 2 2 2 2ˆ ˆ         H  E   V  m t  V  r .Ž .t 1dt 4 2
ˆŽ .Multiplying Eq. 4.14 by , we get
d 1 2 2 2ˆ ˆ ˆˆ           Re iV .½ 5t½ 5dt 2
Summing up the two above inequalities, we get
d 1 12 2 2ˆ ˆ     H t     H 0  Ž . Ž .½ 5 ½ 5dt 2 2
 2 2 2 2ˆ ˆ             Vt2
N 2 2 2 2ˆ ˆ ˆ              m t  V     V    r .Ž . t 12
For  large enough we have that
d 1 12 2 2ˆ ˆ   H t   t   H  ,Ž . Ž .½ 5 ½ 5dt 2 2
from which it follows that
2 2 21 1     tˆ ˆE t   t  E 0   0 e ,Ž . Ž . Ž . Ž .½ 52 2
which implies
2 2 22 21 1 1     tˆ ˆ ˆ ˆ   V   t N V  E 0   0 e .Ž . Ž . Ž .½ 5t4 2 2
Using similar arguments, we can show that
22 2 21 1ˆ ˆ ˆ ˆ     V   t N V  C VŽ .t t t t4 2
2 2 21 1     tˆ ˆ E 0 E 0   0   0 e ,Ž . Ž . Ž . Ž .½ 51 t2 2
where
221 1ˆ ˆˆ ˆ E  V N Re VV   t .Ž .½ 51 t t t t4 2
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ˆ  sŽ Ž ..So, if V L 0, T ; H  , then we have
ˆ ˆ ˆ  sV , V , V  L 0, T ; H  ,Ž .Ž .t t t
from which our conclusion follows.
Ž . Ž .Proof of Lemma 4.2. Taking a Fourier transform to system 4.9  4.10 ,
we arrive at
ˆ 2 ˆ ˆ 2 ˆ ˆ     W m t  W i   W  R , in  0, T 4.15Ž . Ž .t t t
ˆ 2 ˆ ˆ ˆ       iW Q, in  0, T . 4.16Ž .t t
Let us define the density energy function E as
1 2 2 2 2ˆ ˆ ˆ       E t  W m t  W   .Ž . Ž .½ 5t2
In these conditions we have that
d 2 2 2 2 2 2ˆ ˆ ˆ           E t        m t  WŽ . Ž .
dt
ˆ ˆ ˆˆRe RW Re Q ,½ 5½ 5t
from which it follows that
ˆ 2 ˆ 2   d   R  Q2 2 2 2ˆ ˆ       E t      W C  CE t .Ž . Ž .t 2dt 2 2  1 
Ž .Using Gronwalls’ inequality and recalling that E 0  0, we arrive at
ˆ 2 ˆ 2   R  QT ctE t  C dt e ,Ž . H 2½ 5 1 0
which together with the above inequalities implies
 T2 2 2 2 2ˆ ˆ         1   t       dtŽ .Ž . H 2 20
T 2 2 ctˆ ˆ    C R  Q dt e ,H½ 5
0
from which our conclusion follows. The proof in now complete.
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5. CONCLUSION
As a conclusion we can say that our model, which describes the contact
model problem of thermoviscoelastic materials with rigid obstacle, has a
weak solution which decays uniformly with rates depending on the nonlin-
ear term M.
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